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A METHOD OF DERIVING EULER'S EQUATION IN THE CALCULUS 

OF VARIATIONS. 



By DR. GILBERT AMES BLISS, Princeton University. 



The derivation of Euler's equation can be made by means of integrals 
of the form 

(1) f[A(x,y)+B(x,y)y r ]dx, y'=^, 



which are independent of the path of integration. Invariant integrals of 
this type play an important role in the proofs that the usual conditions in 
the calculus of variations are sufficient to insure a minimum or a maximum, 
and their introduction in connection with the derivation of Euler's equation 
makes it possible to simplify considerably the presentation of the whole 
theory. 

In the first section below there is a simple discussion of the conditions 
under which an integral of the form (1) is independent of the path, and in 
the second section these results are applied to the derivation of Euler's 
equation. 

§1. Invariant Integrals. 

In the integral (1) suppose that the functions A(x, y) and I? (as, y) 
are continuous in a certain region R of the «2/-plane. Along an arc C t 4 

(2) y=y(x), Xi^x^x s , 

which joins two given points (x u 2/x) and (a; 2 , 2/ 8 ), lies in R, and for which 
the function y{x) is continuous and has a continuous derivative, the integral 
I will have a value 
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(3) 7= C'{A [x, y(x)] +B[x, y(x) y'(x)] }dx 

denoted by I 1% or I(C i2 ). If for two arbitrarily chosen points (aii, y x ), 
(«2> V*)> the values J 1S are all the same however the arc d 2 is chosen, the 
integral I is said to be indepenent of the path. 

The sum of the values of such an invariant integral taken along the 
sides of a triangle of arcs of the type (2) is zero. To prove this, let the 
vertices of the triangle be denoted by 1, 2, 3, and the sides by C 23 , C 31 , C, 2 . 
It is always possible to pass an arc D of the type (2) through the three 
points 1, 2, 3, so that for a triangle such as the one in the figure, 

I(C ii )+I(C 23 )=I(D li )+I(D i3 ) 
=/(!>„) =J(C ia ). 

But for any arc C 13 , 

Fig.L (4) I, «=-/,„ 

since J 3 1 is found from an integral of the form (3) by simply changing the 
limits. Hence along the sides of the triangle 

Jt 2 +J 23 + I s i=0. 

A similar theorem holds for any polygon of arcs C l2 , C ss , ..., C n -i,i, 
of the type (2) . For select a point not on any of the ordinates of the ver- 
tices of the polygon, and join it to them by straight lines. Then 

•M)2'T-'2 3 +i3 0~0> 

. • • . 

h, K-l+im-l, l + ^io = 0> 

and by adding and using equations similar to (4), 

-^0 1 +Il 2 +. . . + /„_!, 1=0. 

The integral 

*(*, y) 



<Hx,y) = f*'\A+By)dx 
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taken from the fixed point (x , y ) to the point (x, y) over any continuous 
curve formed of a finite number of arcs of the type (2) defines a single- val- 
ued function <t>(x, y). For any two broken curves joining (x , y ) with (a;, 
y) form a polygon over which the value of the integral is zero, and the two 
values found by integrating from (x , 2/o) to (x, y) over the two broken 
curves, are equal on account of the property (4). 

The difference of two values of <l>(x, y) corresponding to points on the 
same ordinate has the value 

(5) 4>(x, y)-<l>(x, 2/,)=| B(x, y)dy. 
This difference can in fact be written in the form 

(6) <t>{x, y)—<t>(x, y,)=f X ' (A+By')dx- C A(x, y^)dx, 

v (x—h, y,) J x—h 

since from the figure it is evident that 
*(», V)=I(C) + P V (A+By')dx, 

J <.x-h,y>) 

*(*, Vi)=I{Q +f X A(x, y t )dx. 

•* x-h 

Fig. 2. 
Equation (6) may also be written, by a change of variable, 

Adx + ) Bdy- I A(x, y,)dx. 

(*— A,3/i) " y-i J x-h 

When h approaches zero the first and third of these integrals vanish, and 
the second approaches the value given in equation (5). 

The derivatives of 4>(x, y) can now be readily calculated. From (5) 
it follows that 

jj=B(x, y). 
It is evident from a figure similar to figure 2 that 

4>{x,y)—$(x 1 ,y)= )A (x, y) dx, 

V Xi 



(X.-W 



|Hi$ TO) 
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so that 



dt=Mx, y). 



A necessary and sufficient condition for the integral I to be independent 
of the path in a region R is therefore that a single-valued function <t>(x, y) 
exists in R having the derivatives 

(7) *+-A d<t> -P 

(7) dx~ A ' W B ' 

The sufficiency of this condition was not proved above, but follows 
easily with the help of the fundamental theorem of the integral calculus. 
For along any arc (2) 

(A+By)dx = \ (fl^.+ 5T^ )<&=*(*»» y»)-*(*i,»i). 

Another criterion for the invariancy of I is the following: 

Jf the functions A and B in the integral (1) have continuous partial 

derivatives q- and q- in a simply connected region R*, then a necessary and 

sufficient condition for the integral I to be independent of the path, is that the 
equation 

(8) dy^dx 

is identically satisfied in R. 

The condition is necessary, for from the previous theorem a function 
4> must exist with the derivatives (7), and we have 

&A dB_ d 2 <£ 3*aS n 



y Sx dxdy dydx 



To prove the sufficiency, suppose first that R is a rectangle with one corner 
at (x , y ). Then the values of /taken from (x , y ) to (x, y) along lines 
parallel to the x and y axes define a function 

(9), 4> (x, y) = C A (x,y )dx+)B (x, y) dy, 

J %t> ^ S/o 

*R is said to be simply connected if any two of its points can be connected by a continuous curve, and if the 
interior of any continuous, closed, non-intersecting curve in R is also entirely within the region. 
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which is readily seen with the help of equation (8) to have the partial deriv- 
atives A and B. Consequently in any rectangle where condition (8) is sat- 
isfied, the integral I is independent of the path. 

In a more general simply-connected region R, the value of I taken 
around any polygon whose sides are parallel to the x- or #-axis is zero. For 
by continuing all the sides of the polygon, its interior is divided into rec- 
tangles, and the sum of the values of I taken around these rectangles in the 
positive direction* is the value of I taken in the positive direction about the 
original polygon. This follows because we have to integrate along a side of 
any rectangle twice, in opposite directions, unless the side is an edge of the 
original polygon. But since R is simply connected, the rectangles are all in 
R when condition (8) holds, and the value of I taken around the edge of 
such a rectangle is zero. Hence if we integrate from a fixed point (x , y ) 
to the point {x, y) in R along a broken curve consisting of straight lines 
parallel to one or the other of the axes, a single- valued function 4>(x, y) is 
defined. This function like the function defined by equation (9) has A and 
B for its partial derivatives. 

For the application to be made in the next section, the following re- 
mark is important. 

If the integral (1) takes the same value over all continuous curves con- 
sisting of a finite number of arcs of the type (2) joining two fixed points (x u 
#,) and (a; 2 , y t ), then it must be independent of the path in the same way for 
any two points in the strip of the plane between the ordinatesx=Xi andx^=Xt. 

Let 3 and 4 be any two points in this strip, and join 1 with 3, and 4 
with 2 by fixed arcs of the type (2). Then however the points 3 and 4 are 
connected by broken arcs, we will always, by hypothesis, have the same 
value for 

I\ 3 + 1 3 4 ~f~J?4 5. 

Consequently, J 3 4 is independent of the path also. 

§3. The Derivation of Euler's Equation. 

The problem of the calculus of variations which we shall consider here 
is the problem of finding a curve which joins two given fixed points (x , y ) 
and (;»i, y\), and gives a maximum or a minimum value to an integral of 
the form 



J=jf(%, V, V')dx. 



The function /under the integral sign will be supposed to have continuous 
derivatives of the first and second orders for points (x, y) in a region R of 



*I. e. keeping the interior of the rectangle on the left. 
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the sey-plane and all values of y. Evidently J will then have a well-defined 
value over any continuous curve consisting of a finite number of arcs of the 
type (2) in R. 

Suppose that one of these arcs 

(10) E; y=y(x), x ^x^x lf 

joins the points and 1 in R and gives J a minimum value. The family of 
arcs 

v; y=y(x)+ay(x), x fkx?kx u 

where « is an arbitrary constant and v (x) satisfies the conditions 

v(x )=v(x 1 )==0, 

also joins the points and 1 and include E for the value «=0. If the func- 
tion n(x) has a derivative which is continuous except perhaps at a finite 
number of points in the interval x a ^x^x u then along any arc v the inte- 
gral J will have a value 

J( a ) — )A*, v, y')dx, 

which is a function of «. Since v reduces to E when a=0, it follows that for. 
«=0 the function J(«) must have a minimum and j- must be zero. 

J r 

The derivative j- for <*=0 is easily found to be 

where in the derivatives of /the values of y and y along E are substituted. 
This derivative must vanish however the function y (x) satisfying the condi- 
tions given above, is chosen. We see then that in the x ^-plane the integral 

(11) is independent of the path for all curves joining the points (x , 0) and 
(x x , 0), and consequently independent of the path anywhere in the strip of 
the x 7-plane between the ordinates x=x and x=X\. There must therefore 
exist a function <£(#, -q) which has the derivatives 

(12) *+=U, d -+=l- 
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From the first of these equations, 

(13) *=* fj£da+H(v), 

and from the second, 

<i4) #=£#•+*•. 

an equation which must be true at every point of E. It is evident by deriv- 
ing again for y, that H" must be zero, and H has the form 

(15) H=cy + d. 

If the curve E has corners for the values «=<*, a 2 , ..., «„ in the inter- 
val *o=* = *t, then the functions (12) may have discontinuities, but they 
will certainly be continuous in any strip of the x ^-plane between two ordin- 
ates x=h, %= a k+i. In such a strip 4> must therefore be continuous and it 
is evident from equations (13) and (15) that c has the same value through- 
out the strip. 

In two different strips c is also the same. For simplicity consider the 
case when there is but one value x=«, and let 

(16) <l>=ii J ^dx+cy+d, ^=>?J ^-dx+ei+f 

be the two functions (13) in the two strips. 
Along two curves such as those in figure 3, 

1=^2-^0+^1— ^0=*8-^0+*l-^S, 

Fig. 3. the subscripts indicating the points at which 

the values of the functions are to be taken. Hence 

from which it follows with the help of equations (16) that c=e. 
Prom equation (14), therefore, 
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where c has the same value throughout the whole interval x = x ^ x t . 

Several important conclusions can be drawn from equation (17). In 
the first place consider a point 2 on E when y is continuous. The left mem- 
ber of (17) may be regarded for the moment as a function of the two vari- 
bles y' and x, the latter entering explicitly and also in the function y(x). 
Then the values x if y-i, y\ at the point 2 on E furnish a solution of equation 

d i f 
(17). If q-tj is different from zero for these values, then the theory of im- 
plicit functions tells us that equation (17) has but one continuous solution 
y'(x) which reduces to y* when x~x it and this solution has a continuous 
derivative. The values of y'{x) on the curve E near the point 2 constitute 
this solution, and by differentiating equation (17) for x we derive the follow- 
ing theorem: 

If an arc E 

y=y(x), x ^x^x u 

minimizes the integral J, then at any point on E where y'(x) is continuous 
and j-rri different from zero, the function y(x) must also have a second de- 
rivative and satisfy the Euler differential equation 

dx dy' dy 

■It is possible to show further from equation (17) that a minimizing 
arc can not in general have corner points. At a point (» 2 , y 2 ) of E where 

q-tz is different from zero for all values of y, it is evident that the first 
member of equation (17) can equal the second for at most one value of y ', 
since jp is monotomic. Hence it would be impossible for y to be discontin- 
uous at (i» 8 , y-i). 

An arc E which minimizes the integral J can not have a corner point 

at any point (x 2 , y 2 ) where j^j, is different from zero for all values ofy'. If 

d*f 

■q-ts ts different from zero at any point in Rfor aU y''s, then no minimizing 

curve whatsoever with corner points is possible anywhere in R. 



